Extensive calculations of the electric-dipole matrix elements in alkali-metal atoms are conducted using the relativistic all-order method. This approach is a linearized version of the coupled-cluster method, which sums infinite sets of many-body perturbation theory terms. All allowed transitions between the lowest ns, np 1/2 , np 3/2 states and a large number of excited states are considered in these calculations and their accuracy is evaluated. The resulting electric-dipole matrix elements are used for the high-precision calculation of frequency-dependent polarizabilities of the excited states of alkali-metal atoms. We find "magic" wavelengths in alkali-metal atoms for which the ns and np 1/2 and np 3/2 atomic levels have the same ac Stark shifts, which facilitates state-insensitive optical cooling and trapping.
I. INTRODUCTION
Recent progress in manipulation of neutral atoms in optical dipole traps offers advancement in a wide variety of applications. One such application is toward the quantum computational scheme, which realizes qubits as the internal states of trapped neutral atoms [1] . In this scheme, it is essential to precisely localize and control neutral atoms with minimum decoherence. Other applications include the next generation of atomic clocks, which may attain relative uncertainty of 10 −18 , enabling new tests of fundamental physics, more accurate measurements of fundamental constants and their time dependence, further improvement of Global Positioning System measurements, etc.
In a far-detuned optical dipole trap, the potential experienced by an atom can be either attractive or repulsive depending on the sign of the frequency-dependent Stark shift (ac Stark shift) due to the trap light. The excited states may experience an ac Stark shift with an opposite sign of the ground state Stark shift, affecting the fidelity of the experiments. A solution to this problem was proposed by Katori et al. [2] , who suggested that the laser can be tuned to a magic wavelength λ magic , where lattice potentials of equal depth are produced for the two electronic states of the clock transition. In their experiment, they demonstrated that a λ magic exists for the 1 S 0 − 3 P 0 clock transition of 87 Sr in an optical lattice. Four years later, McKeever et al. [3] demonstrated state-insensitive trapping of Cs atoms at λ magic ≈ 935 nm while still maintaining a strong coupling for the 6p 3/2 − 6s 1/2 transition. The ability to trap neutral atoms inside high-Q cavities in the strong coupling regime is of particular importance to the quantum computation and communication schemes [3] .
In this paper, we evaluate the magic wavelengths in Na, K, Rb, and Cs atoms for which the ns ground state and either of the first two np j excited states experience the same optical potential for state-insensitive cooling and trapping. We accomplish this by matching the ac polarizabilities of the atomic ns and np j states. We conduct extensive calculations of the relevant electric-dipole matrix elements using the relativistic all-order method and evaluate the uncertainties of the resulting ac polarizabilities. We also study the ac Stark shifts of these atoms to determine the dependence of λ magic on their hyperfine structure.
The paper is organized as follows. In section II, we give a short description of the method used for the calculation of the ac polarizabilities and list our results for scalar and tensor ac polarizabilities. In section III, we discuss the effect of ac Stark shifts on the hyperfine structure of the alkali-metal atoms. In section IV, we discuss the magic wavelength results for each of the atoms considered in this work.
II. DYNAMIC POLARIZABILITIES
We begin with an outline of calculations of the ac Stark shift for linearly polarized light, following Refs. [4, 5] . Angels and Sandars [4] discussed the methodology for the calculation of the Stark shift and parameterization of the Stark shift in terms of the scalar and tensor polarizabilities. Stark shifts are obtained as the energy eigenvalues of the Schrödinger equation with interaction operator V I given by
where ǫ is the applied external electric field and d is the electric-dipole operator. The first-order shift associated with V I vanishes in alkali-metal atoms. Therefore, the Stark shift ∆E of level v is calculated from the second-order expression
where the sum over k includes all intermediate states allowed by electric-dipole transition selection rules, and E k is the energy of the state k.
Using the Wigner-Eckart theorem, one finds that ∆E can be written as the sum [6] 
where α 0 (ω) and α 2 (ω) are the scalar and tensor ac polarizabilities, respectively, of an atomic state v. The laser frequency ω is assumed to be several linewidths off-resonance. Here, the polarization vector of the light defines the z direction. The scalar ac polarizability α 0 (ω) of an atom can be further separated into an ionic core contribution α core (ω) and a valence contribution α v 0 (ω). The core contribution has a weak dependence on the frequency for the values of ω relevant to this work. Therefore, we use the static ionic core polarizability values calculated using the random-phase approximation (RPA) in Ref. [7] . The valence contribution α v 0 (ω) to the static polarizability of a monovalent atom in a state v is given by [8] 
where k d v is the reduced electric-dipole (E1) matrix element. The experimental energies E i of the most important states i which contribute to this sum have been compiled for the alkali atoms in Refs. [9, 10, 11] . Unless stated otherwise, we use atomic units (a.u.) for all matrix elements and polarizabilities throughout this paper: the numerical values of the elementary charge, e, the reduced Planck constant,h = h/2π, and the electron mass, m e , are set equal to 1. The atomic unit for polarizability can be converted to SI units via
, where the conversion coefficient is 4πǫ 0 a 3 0 /h and the Planck constant h is factored out.
The tensor ac polarizability α 2 (ω) is given by [12] :
The ground state ac polarizabilities of alkali-metal atoms have been calculated to high precision [13] . However, no accurate systematic study of the ac polarizabilities of the excited states of alkali-metal atoms is currently available. The polarizability calculations for the excited np states are relatively complicated because in addition to p − s transitions they also involve p − d transition matrix elements. The matrix elements involving the nd states are generally more difficult to evaluate accurately, especially for the heavier alkalies. In this work, we calculate np − n ′ d transition matrix elements using the relativistic all-order method [14, 15] and use these values to accurately determine the np 1/2 and np 3/2 state ac polarizabilities. In the relativistic allorder method, all single and double (SD) excitations of the Dirac-Fock (DF) wave function are included to all orders of perturbation theory. For some matrix elements, we found it necessary to also include single, double and partial triple (SDpT) excitations into the wave functions (SDpT method). We conduct additional semi-empirical scaling of our all-order SD and SDpT values where we expect scaled values to be more accurate or for more accurate evaluation of the uncertainties. The scaling procedure has been described in Refs. [8, 15, 16] .
We start the calculation of the np state valence polarizabilities using Eqs. (4) and (5) . For the wavelength range considered in this work, the first few terms in the sums over k give the dominant contributions. Therefore, we can separate the np state valence polarizability into a main part, α main , that includes these dominant terms, and a remainder, α tail . We use a complete set of DF wave functions on a nonlinear grid generated using Bsplines [17] in all our calculations. We use 70 splines of order 11 for each value of the angular momentum. A cavity radius of 220 a.u. is chosen to accommodate all valence orbitals of α main . In our K and Rb calculations, we include all ns states up to 10s and all nd states up to 9d; 11s, 12s, and 10d are also added for Cs. Such a large number of states is needed to reduce uncertainties in the remainder α tail . We use the experimental values compiled in Ref. [18] along with their uncertainties for the first np − ns matrix elements, for example the 5p j − 5s matrix elements in Rb. We use the SD scaled values for some of the np − n ′ d and np − n ′ s matrix elements in the cases where it was essential to reduce the uncertainty of our calculations and where the scaling is expected to produce more accurate results based on the type of the dominant correlation corrections. This issue is discussed in detail in Refs. [19, 20] and references therein.
In Table I , we give the contributions to the scalar and tensor polarizabilities of the Rb 5p 3/2 state at 790 nm to illustrate the details of the calculation. The absolute values of the corresponding reduced electric-dipole matrix elements, d, used in the calculations are also given. The contributions from the main term are listed separately. We also list the resonant wavelengths λ res corresponding to each transition to illustrate which transitions are close to 790 nm. As noted above, we use the experimental values for the 5p 3/2 − 5s matrix element from the Ref. [18] . We use the recommended values for the 5p 3/2 − 4d j transitions derived from the Stark shift measurements [21] in Ref. [22] . We find that the contribution of the 5p 3/2 − 5s transition is dominant since the wavelength of this transition (λ res = 780 nm) is the closest to the laser wavelength. The next dominant contribution for the scalar polarizability is from the 5p 3/2 − 5d 5/2 transition (λ res = 776 nm). While the contribution from this transition is less than one tenth of the dominant contributions, it gives the dominant contribution to the final uncertainty owing to a very large correlation correction to the 5p 3/2 − 5d 5/2 reduced electric-dipole matrix element. In fact, the lowest-order DF value for this transition is only 0.493 a.u. while our final (SD scaled) value is 1.983 a.u. We take the uncertainty in this transition to be the maximum difference of our final values and ab initio SDpT and scaled SDpT values. While the 5p 3/2 − 5d 3/2 transition has almost the same transition wavelength owing to the very small fine-structure splitting of the 5d state, the corresponding contribution is nine times smaller owing to the fact that the 5p 3/2 −5d 3/2 reduced electric-dipole matrix element is smaller than the 5p 3/2 − 5d 5/2 matrix element by a factor of three. As expected, the contributions from the core and tail terms are very small in comparison with the total polarizability values at this wavelength.
In Table II , we compare our results for the first excited np 1/2 and np 3/2 state static polarizabilities for Na, K, Rb, and Cs with the previous experimental and theoretical studies. The measurements of the ground state static 
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h -262 (2) h polarizability of Na by Ekstrom et al. [24] were combined with the experimental Stark shifts from Refs. [25, 32] to predict precise values for the 3p 1/2 and 3p 3/2 scalar polarizabilities [24] . The tensor polarizability of the 3p 3/2 state of Na has been measured by Windholz et al. [25] . The Stark shift measurements for K and Rb have been carried out by Miller et al. [26] for D1 lines and by Krenn et al. [28] for D2 lines. We have combined these Stark shift measurements with the recommended ground state polarizability values from Ref. [27] to obtain the np j polarizability values that we quote as experimental results. The np 3/2 tensor polarizabilities in K and Rb were measured in Ref. [28] . Accurate D1 and D2 Stark shift measurements for Cs have been reported in Refs. [21, 31] . The most accurate experimental measurement of the 6s ground state polarizability from Ref. [30] has been used to derive the values of the 6p 1/2 and 6p 3/2 state polarizabilities in Cs quoted in Table II . Our results are in excellent agreement with the experimental values.
We note that we use our theoretical values for the 4p − 3d transitions in K and 5p − 4d transitions in Rb to establish the accuracy of our approach. We use more accurate recommended values for these transitions derived from the experimental Stark shifts [21] in Ref. [22] in all other calculations in this work, as described in the discussion of Table I .
III. AC STARK EFFECT FOR HYPERFINE LEVELS
In the above discussion, we neglected the hyperfine structure of the atomic levels. However, it is essential to include the hyperfine structure which is affected by the presence of external electric field for practical applications discussed in this work. In this section, we calculate the eigenvalues of the Hamiltonian H representing the combined effect of Stark and hyperfine interactions. Then, we subtract the hyperfine splitting from the above eigenvalues to get the ac Stark shift of a hyperfine level. This value is used to calculate the ac Stark shift of the transition from a hyperfine level of excited np state to a hyperfine level of ground ns state.
A. Matrix elements of the Stark operator
First, we evaluate the matrix elements of Stark operator in the hyperfine basis. The energy difference between two hyperfine levels is relatively small for cases considered in this work, and the hyperfine levels are expected to mix even if small electric fields are applied. Therefore, the Stark operator now has non-zero off-diagonal matrix elements. The general equation for the matrix elements is given by
where |IjF M represents atomic states in hyperfine basis, I is the nuclear spin, and F = I + j. The interaction operator V I given by Eq. (1) does not affect the nuclear spin I. In addition, the shifts due to V I are not high enough to cause mixing between two levels with different angular momentum j. As a result, ∆E F,F ′′ is diagonal in I and j. These approximations enable us to label the states in hyperfine basis as |F M , and Eq. (6) can be simplified as
One can write the above matrix element as
where the Stark shift operator V II is defined in terms of λ operator as
If the applied electric field is in the z direction, then the energy shifts are diagonal in M . Thus, the matrix elements can be written as
We use the Wigner-Eckart theorem to carry out the angular reduction, i.e. sum over the magnetic quantum numbers. Then, the matrix elements can be written in terms of scalar and tensor polarizabilities as
The first term in the equation above, containing the scalar polarizability, results in the equal shifts of all of the hyperfine levels and is non-zero only for the diagonal matrix elements (F = F ′′ ). The tensor part mixes states of different F through Q operator. The non-zero matrix elements of Q are
For each magnetic sublevel, there is a matrix with rows and columns labeled by F and F ′′ . Therefore, magnetic sublevels with different values of |M | are shifted by a different amount. A detailed discussion of this matrix is given by Schmieder [5] .
B. Energy eigenvalues
Since the Stark interactions considered in this work are comparable to the hyperfine interactions, we find the combined shift of a hyperfine level by diagonalizing the Hamiltonian given by
where V hfs is the hyperfine interaction operator. In the hyperfine basis, V hfs is diagonal with the following matrix elements [33] 
where z = F (F + 1)− I(I + 1)− j(j + 1), and A and B are hyperfine-structure constants [34] . The matrix elements of H which describe the combined effect of the Stark interaction V II and hyperfine interaction V hfs are given by
Using Eq. (12) and Eq. (15), the above matrix elements can be reduced to a more useful form
The combined shift of a hyperfine level is evaluated by diagonalizing the matrix formed with V F,F ′′ ;M . The resulting diagonal matrix element (∆E F,F ) corresponds to the shift in a hyperfine level F , resulting from two effects: the hfs interaction V hfs and the Stark effect V II . Consequently, we should subtract the hyperfine splitting from the these shifts to get the ac Stark shift of a level given by
The ac Stark shift of the transition from an excited state to the ground state ∆E(n ′ l
is determined as the difference between the ac Stark shifts of the two states. We calculate the magic wavelength where the ac Stark shift of the np − ns transition is equal to zero. The results of the calculation are presented in the next section.
IV. MAGIC WAVELENGTHS FOR THE np − ns TRANSITIONS
We define the magic wavelength λ magic as the wavelength where the ac polarizabilities of the two states are the same, leading to zero ac Stark shift for a corresponding transition. For np − ns transitions considered in this work, it is found at the crossing of the ac polarizability curves for the ns and np states. In the case of the np 3/2 − ns transitions, the magic wavelengths need to be determined separately for the cases with m j = ±1/2 and m j = ±3/2 owing to the presence of the tensor contribution to the total polarizability of np 3/2 state. According to Eq. (3), the total polarizability for the np 3/2 states is determined as α = α 0 − α 2 for m j = ±1/2 and α = α 0 + α 2 for m j = ±3/2. The uncertainties in the values of magic wavelengths are found as the maximum differences between the central value and the crossings of the α ns ± δα ns and α np ± δα np curves, where the δα are the uncertainties in the corresponding ns and np polarizability values. We also study λ magic for transitions between particular np 3/2 F ′ M ′ and nsF M hyperfine sublevels. The ac Stark shifts of the hyperfine sublevels of an atomic state are calculated using the method described in the previous section. In alkali-metal atoms, all magnetic sublevels have to be considered separately; therefore, a λ magic is different for the np F ′ M ′ − ns F M transitions. We include several examples of such calculations.
We calculated the λ magic values for np 1/2 − ns and np 3/2 − ns transitions for all alkali atoms from Na to Cs.
As a general rule, we do not list the magic wavelengths which are extremely close to the resonances. Below, we discuss the calculation of the magic wavelengths separately for each atom. The figures are presented only for np 3/2 states as they are of more experimental relevance. All wavelengths are given in vacuum.
A. Na
We list the magic wavelengths λ magic above 500 nm for the 3p 1/2 −3s and 3p 3/2 −3s transitions in Na and the corresponding values of polarizabilities at the magic wavelengths in Table III . For convenience of presentation, we also list the resonant wavelengths λ res for transitions contributing to the 3p 1/2 and 3p 3/2 ac polarizabilities and the corresponding values of the electric-dipole matrix elements along with their uncertainties. Only two transitions contributing to the ground state polarizabilities are above 500 nm, 3p 1/2 −3s and 3p 3/2 −3s. Therefore, there is no need to separately list resonant contributions to the ground state polarizability. To indicate the placement of the magic wavelength, we order the lists of the resonant and magic wavelengths to indicate their respective placement. The polarizabilities and their uncertainties are calculated as described in Section II. The transitions up to np − 3s and 3p − nd, n = 6 are included into the main term and the remainder is evaluated in the DF approximation. The values of the 3p − 3s matrix elements are taken from [18] , the remaining matrix elements are either SD or SD scaled values. The uncertainties in the values of the Na matrix elements were estimated to be generally very small. The resonant wavelength values are obtained from energy levels from National Institute of Standards and Technology (NIST) database [9] . We assume no uncertainties in the energy values for all elements.
Since the 3s polarizability has only two resonant transitions at wavelengths greater than 500 nm, it is generally small except in close vicinity to those resonances. Since the polarizability of the 3p 1/2 state has several contributions from the resonant transitions in this range, it is generally expected that it crosses the 3s polarizability in between of the each pair of resonances listed in Table III unless the wavelength is close to 3p−3s resonances. The same is expected in the case of the 3p 3/2 polarizability for the |m j | = 1/2 cases as described by Eq. (3) (α = α 0 − α 2 ). However, when α = α 0 + α 2 (m j = ±3/2 in Eq. 3) all 3p 3/2 − ns transitions do not contribute to the total polarizability owing to the exact cancellation of the scalar and tensor contributions for v = 3p 3/2 and k = ns in Eqs. (4) and (5) . In this case, the angular factor in Eq. (5) is exactly −2/3(2j v + 1) leading to exact cancellation of such terms, and the total polarizability comes from the remaining 3p − nd contributions which do not cancel out. As a result, there are no resonances for the m j = ±3/2 cases at the wavelengths corresponding to 3p 3/2 − ns transitions leading to substantial reduction in the number of magic wavelengths. We note that there is a magic wavelength at the 589.557 nm owing to the resonances in the ground state polarizability. The corresponding polarizability value is very small making this case of limited practical use. While there has to be a magic wavelength between 3p 3/2 −4d 3/2 and 3p 3/2 −4d 5/2 resonances at 568.98 nm, we are not listing it owing to a very small value of the 4d fine-structure splitting. We illustrate the magic wavelengths for the 3p 3/2 − 3s transition in Fig. 1 where we plot the values of the ac polarizabilities for the ground and 3p 3/2 states.
It is interesting to consider in more detail the region close to the 3p j − 3s resonances since in this case one magic wavelength is missing for both 3p 1/2 − 3s and 3p 3/2 − 3s α 0 − α 2 cases, one on the side of each 3p − 3s resonance as evident from Table III . We plot the ac polarizabilities for the 3s, 3p 1/2 , and 3p 3/2 m j states in this region in Fig. 2 . The placements of the 3p 1/2 − 3s and 3p 3/2 − 3s resonances are shown by vertical lines. In the case of the 3p 1/2 state, the 3p 1/2 − 3s resonance contributes to both ground state and 3p 1/2 polarizabilities. As a result, both of these polarizabilities are large but have opposite sign right of the 3p 1/2 − 3s resonance at 589.76 nm leading to missing magic wavelength for 3p 1/2 −3s transition between the 3p 1/2 −5s and 3p 1/2 −3s resonances. In the 3p 3/2 − 3s α 0 − α 2 case, there is a missing magic wavelength to the left of the 3p 3/2 − 3s 589.12 nm resonance for the same reason. The values of the α 0 + α 2 for the 3p 3/2 state are very small and negative in that entire region owing to the cancellations of the 3p − 3s contributions in the scalar and tensor 3p 3/2 polarizabilities described above.
In summary, there is only one case for Na in the considered range of the wavelengths where the magic wavelength exists for all sublevels (567nm) at close values of the polarizabilities (-2000 a.u.) The ac polarizabilities for the 3s and 3p 3/2 states near this magic wavelength are plotted in Fig. 3 . The plot of the ac Stark shift for the transition between the hyperfine sublevels near 567 nm is shown in Fig. 4 . The λ magic is found at the point where the ac Stark shift of the transition from 3p 3/2 F ′ = 3M ′ sub levels to 3sF M sub levels crosses zero. This crossing of ac Stark shift curve occurs close to 567 nm which is close to the wavelength predicted by the crossing of polarizabilities illustrated by Fig. 3 , as expected.
B. K
The magic wavelengths λ magic above 600 nm for the 4p 1/2 − 4s and 4p 3/2 − 4s transitions in K are listed in Table IV. Table IV is structured in exactly the same way as Table III . The electric-dipole matrix elements for the 4p − 4s transitions are taken from [18] , and the electricdipole matrix elements for the 4p − 3d are the recommended values from Ref. [22] derived from the accurate Stark shift measurements [26] . The resonant wavelengths are obtained from the energy levels compiled in the NIST database [9] . The transitions up to 4p − 10s and 4p − 9d are included into the main term of the polarizability, and the remainder is evaluated in the DF approximation. In the case of some higher states, such as 9s, we did not evaluate the uncertainties of the matrix elements where we expect them to be small (below 0.5%). As a result, the uncertainties in the values of the magic wavelengths near these transitions do not include these contributions and may be slightly larger than estimated. In the test case of Rb, the uncertainties are evaluated for all transitions with resonant wavelengths above 600 nm and no significant differences in the uncertainties of the relevant magic wavelengths with other elements are observed.
The main difference between the Na and K calculation is extremely large correlation correction to the values of the 4p − 4d transitions. The correlation correction nearly exactly cancels the lowest-order DF value leading to a value that is essentially zero within the accuracy of this calculation. As a result, we do not quote the values for the magic wavelength between 4p − 4d and 4p − 6s resonances. We note that these two resonances are very closely spaced (1.5 nm), thus probably making the use of such a magic wavelength impractical. Our present calculation places the magic wavelength for the 4p 1/2 − 4s transition in the direct vicinity(within 0.01 nm) of the 693.82 nm resonance. We note that the measurement of the ac Stark shift (or the ratio of the 4s to 4p Stark shifts) near the 4p − 4d resonance may provide an excellent benchmark test of atomic theory. This problem of the cancellation of the lowest and higher-order terms for the np − nd transitions is unique to K. In the case of Rb, the correlation for the similar 5p − 5d transition is very large but adds coherently to the DF values. As a result, we were able to evaluate the corresponding Rb 5p − 5d matrix elements with 4.5% accuracy. The accuracy is further improved for the 6p − 6d transitions in Cs.
We also located the magic wavelengths for the 4p 3/2 − 4s transition between 4p 3/2 − 3d ′ sub levels to 3sF M sub levels in Na as a function of wavelength. The electric field intensity is taken to be 1 MW/cm 2 .
TABLE IV: Magic wavelengths λmagic above 600 nm for the 4p 1/2 − 4s and 4p 3/2 − 4s transition in K and the corresponding values of polarizabilities at the magic wavelengths. The resonant wavelengths λres for transitions contributing to the 4pj ac polarizabilities and the corresponding absolute values of the electric-dipole matrix elements are also listed. The wavelengths (in vacuum) are given in nm and electric-dipole matrix elements and polarizabilities are given in atomic units. resonances, but found that m j = ±1/2 curve crosses the 4s polarizability very close (within 0.002 nm) to the resonance. Therefore, we do not list this crossing in Table IV . We note that m j = ±3/2 curve crosses the 4s polarizability curve further away from resonance at 1177.35 nm.
The polarizability values for both of these crossings is 500 a.u. TABLE VI: Magic wavelengths λmagic above 600 nm for the 5p 3/2 − 5s transition in Rb and 6p 3/2 − 6s transitions in Cs and the corresponding values of polarizabilities at the magic wavelengths. The resonant wavelengths λres for transitions contributing to the npj ac polarizabilities and the corresponding absolute values of the electric-dipole matrix elements are also listed. The wavelengths (in vacuum) are given in nm and electric-dipole matrix elements and polarizabilities are given in atomic units. We list the magic wavelengths λ magic above 600 nm for the 5p 1/2 − 5s transition in Rb and the 6p 1/2 − 6s transition in Cs in Table V . In this case, all Rb 5p 1/2 − nl j resonances have significant spacing allowing us to determine the corresponding magic wavelengths. The magic wavelengths above 600 nm for the 5p 3/2 − 5s transition in Rb and 6p 3/2 − 6s transition in Cs are grouped together in Table VI . The transitions up to 5p − 10s and 5p − 9d are included in the main term calculation of the Rb 5p polarizabilities and the remainder is evaluated in the DF approximation. The 5p − 5s matrix elements are taken from Ref. [18] , and the 5p−4d E1 matrix elements are the recommended values derived from the Stark shift measurements [26] in Ref. [22] . As we discussed in Section II, the correlation correction is very large for the 5p − 5d transitions; the DF values for the 5p 3/2 − 5d 5/2 transition is 0.5 a.u. while our final value is 2.0 a.u. However, nearly entire correlation correction to this value comes from the single all-order term which can be more accurately estimated by the scaling procedure described in Refs. [8, 15, 16] . To evaluate the uncertainty of these values, we also conducted another calculation including the triple excitations relevant to the correction of the dominant correlation term (SDpT method), and repeated the scaling procedure for the SDpT calculation. We took the spread of the final values and the SDpT ab initio and SDpT scaled values to be the uncertainty of the final numbers. Nevertheless, even such an elaborate calculation still gives an estimated uncertainty of 4.5%. We illustrate the λ magic for the 5p 3/2 − 5s transition near 791 nm in Fig. 5 . We note that this case is different from that of Na illustrated in Fig. 3 , where both α 0 + α 2 and α 0 − α 2 curves for the 3p 3/2 polarizability cross the 3s polarizability curve at approximately the same polarizability values. In the Rb case near 791 nm, α 0 + α 2 and α 0 − α 2 curves for the 5p 3/2 polarizability cross the 5s polarizability curve at 125 a.u. and -6910 a.u., respectively. As a result, the |M ′ | = 3 curve on the ac Stark shift plot for the transition between hyperfine sub levels shown in Fig. 6 is significantly split from the curves for the other sublevels.
The magic wavelengths for the 5p 3/2 −5s transition between the fine-structure components of the 5p−nd j levels are not listed owing to very small fine structures of these levels. We note that crossings for all m j sublevels should be present between the fine-structure components of the 5p − nd j lines. We illustrate such magic wavelengths for Cs, which has substantially larger nd j fine-structure splittings.
D. Cs
Our results for Cs are listed in Tables V and VI . The values of the 6p − 6s matrix elements are taken from [35] , and the values for 6p − 7s transitions are taken from the results compiled in [15] (derived from the 7s lifetime value). We derived the 6p 1/2 − 5d 3/2 value from the experimental value of the D1 line Stark shift in Cs [21] combined with the experimental ground state polarizability value from [30] . The procedure for deriving the matrix element values from the Stark shifts is described in Ref. [22] . We use the theoretical values of the ratios of the 6p 1/2 − 5d 3/2 , 6p 3/2 − 5d 3/2 , and 6p 3/2 − 5d 5/2 values from Ref. [8] to obtain the values for the 6p 3/2 −5d 3/2 and 6p 3/2 − 5d 5/2 matrix elements. We use the experimental energy levels from [10, 11, 36] , and references therein to obtain the resonance wavelength values. The transitions up to 6p − 12s and 6p − 9d are included into the main term calculation of the polarizabilities and the remainder is evaluated in the DF approximation. We find that there are no magic wavelengths for the 6p 1/2 − 6s transition in between the 6p 1/2 − 6s, 6p 1/2 − 6d 3/2 , and 6p 1/2 − 8s resonances whereas there are the magic wavelengths in between the corresponding resonances in Rb. The difference between the Rb and Cs cases is in the placement of the 6p 3/2 − 6s resonance in Cs and 5p 3/2 − 5s resonance in Rb. In Rb, 5p 3/2 − 5s resonance is at 780 nm and follows the 5p 1/2 − 5s one. In Cs, the 6p 3/2 − 6s resonance is at 852 nm and is located in between the 6p 1/2 − 6d 3/2 and 6p 1/2 − 8s resonances owing to much larger 6p fine-structure splitting. As a result, there are no magic wavelengths in this range. Also unlike the Rb case, the magic wavelengths around 935 nm for the 6p 3/2 − 6s transition in Cs correspond to similar values of the polarizability (about 3000 a.u.) for all sublevels as illustrated in Fig. 7 . The nearest resonances to this magic wavelength are 6p 3/2 − 6d j ones; therefore the contributions from these transitions are dominant. To improve the accuracy of these values, we conducted a more accurate calculation for these transitions following the 5p − 5d Rb calculation described in the previous subsection. As a result, we expect our values of the 6p − 6d matrix elements to be more accurate than the one quoted in Ref. [8] . Nevertheless, the uncertainties in the values of the corresponding magic wavelengths are quite high because the 6s and 6p 3/2 polarizability curves cross at very small angles. As a result, even relatively small uncertainties in the values of the polarizabilities propagate into significant uncertainties in the values of the magic wavelengths. Our values for these magic wavelengths are in good agreement with previous studies [3, 37] . The ac Stark shift of the 6p 3/2 F ′ = 5M ′ to 6sF M transition as a function of wavelength at the 925 − 945 nm range is plotted in Fig. 8 .
V. CONCLUSION
We have calculated the ground ns state and np state ac polarizabilities in Na, K, Rb, and Cs using the relativistic all-order method and evaluated the uncertainties of these values. The static polarizability values were found to be in excellent agreement with previous experimental and theoretical results. We have used our calculations to identify the magic wavelengths at which the ac polarizabilities of the alkali-metal atoms in the ground state are equal to the ac polarizabilities in the excited np j states facilitating state-insensitive cooling and trapping.
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